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, Consider the square lattice with vertices at points with integer-valued coordi- 

^ ! nates in = {(xi, 2:2)1 € M, k = 1,2} and complex (or real) scalar fields u on 

CN I the lattice Z^, u : ^ C, that are defined by their values Ui^^i^, Ui^i^ e C, at each 

Ph' vertex of the lattice with the coordinates (ii, 12)1 ik ^ '^1 k = 1,2. Consider a class of 

^ ■ two-dimensional discrete equations on the lattice 1? for the field u that are defined 

by functions Q{xi,X2, a^s, 2^4) of four variables with the help of the relations 

; Q(Mij,Mi+ij,Mij+i,Mi+ij+i) = 0, iJeZ, (1) 

^ I so that in each elementary 2x2 square of the lattice Z^, that is, in each set of vertices 

I of the lattice with coordinates of the form {i + l,i), + 1), {i + l,j + 1), 

i,j e Z, the value of the field u at one of vertices of the square is defined by the 
values of the field at three other vertices. In this case the field u on the lattice Z^ is 
', completely determined by fixing initial data, for example, on the axes of coordinates 

I of the lattice, Uio and uoj, i,j G Z. A particularly important role is played by 

^ I integrable nonlinear discrete equations. In [l]-[3] integrable discrete equations of the 

O ■ form ([T]) are singled out by the very natural condition of consistency on cubic lattices 

^ . (see also [4]- [9]). Consider the cubic lattice Z^ with vertices at points with integer- 

^ ! valued coordinates in = {(xi, X2, xs)! G M, k = 1,2,3} and fix initial data 

00 ! Uioo, uojo and woofc, hj^k G Z, on the axes of coordinates of the cubic lattice. A 

^ I two-dimensional discrete equation ([1]) is called consistent on the cubic lattice if for 

_ ^ ■ initial data in general position the discrete equation ([T]) can be imposed in a consistent 

^ . way on all two-dimensional sublattices of the cubic lattice 1? at once (see [l]-[5]). 

^ . Classifications of discrete equations of the form ([1]) that are consistent on the cubic 

lattice have been studied in [4] and [8] under some additional restrictions, see also 
[9]. The equation defined by determinants of 2 x 2 matrices of values of the field at 
vertices of elementary 2x2 squares of the lattice 1?: 

Uij+iUi+ij - Ui^ij+iUij = 0, i,j G Z, (2) 

is an example of such two-dimensional nonlinear integrable discrete equation consis- 
tent on the cubic lattice. The equation ([2]) is linear with respect to each variable 
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and invariant with respect to the full symmetry group of square. The fixing of ar- 
bitrary nonzero initial data Uio and Uqj, i,j G Z, on the axes of coordinates of 
the lattice completely determines the field u on the lattice satisfying the dis- 
crete equation ([2]), and the fixing of arbitrary nonzero initial data Uioo, uojo and 
^oofc, hj,k G Z, on the axes of coordinates of the lattice Z^ completely deter- 
mines the field u on the lattice Z^ satisfying the discrete equation ([2]) on all two- 
dimensional sublattices of the cubic lattice Z^. The integrability (in the broad sense 
of the word) of the discrete equation ([2]) is obvious since it can be easily linearized: 
InMjj+i + InUi+ij — IniXj+ij+i — InUij = 0, i,j G Z. In this work, we consider the 
question on consistency on cubic lattices for discrete nonlinear equations defined by 
determinants of matrices of higher orders (for orders N > 2). The condition of con- 
sistency on cubic lattices in the form as it was defined above is not satisfied for these 
discrete equations if > 2. We prove that an other, modified, condition of consis- 
tency on cubic lattices, which is proposed in this work, is satisfied for determinants 
of matrices of arbitrary orders. 

Consider a discrete equation on the lattice Z^ defined by a relation for values of 
the field u at vertices of the lattice Z^ that form elementary 3x3 squares: 

Q{uij, . . . ,Ui+s,j+r, ■ ■ ■ ,Ui+2,j+2) = 0, 0<s,r<2, iJeZ. (3) 

The fixing of initial data UiQ, un, uqj and Uij, i,j G Z, completely determines the 
field u on the lattice Z^ satisfying the discrete equation Consider the cubic lattice 
Z^ and the condition of consistency on all two-dimensional sublattices of the cubic 
lattice Z'^ for the discrete equation ([3]). Initial data can be specified, for example, at 
the following vertices of the lattice: Uioo, uno, Uioi, um, uojo, uijo, uoji, uiji, uook, 
Uiok, Uoik and Uuk, i,j,k G Z. In the cube {{i,j,k), < i, j, k < 2}, the values U202, 
U212, U220, U221, U022 and U122 are determined by the relations ([3]), and three relations 
must be satisfied for the value W222 on three faces of the cube at once. Consider the 
discrete nonlinear equation on the lattice Z^ defined by determinants of the matrices 
of values of the field u at vertices of the lattice Z^ that form elementary 3x3 squares: 

UiJ+2Ui-i-lJ+lUi^2,j + Uij+iUi^ijUi+2,j+2 + UijUi+ij+2Ui+2,j+l — 

— Mjj'Uj_l_lj_(_l'Uj_l_2j+2 — Wjj+2'Wi+lj'Wj+2J+l ~ "^i j+l'Wj+l,j+2'Wj+2J = 0, (4) 

where i,j G Z. The equation (jl]) is linear with respect to each variable and invariant 
with respect to the full symmetry group of the configuration of vertices of the lattice 
Z^ that form elementary 3x3 squares. For initial data in general position, the discrete 
equation (jl]) is not consistent on two-dimensional sublattices of the cubic lattice Z^. 

Consider an other, modified, condition of consistency on cubic lattices for the dis- 
crete nonlinear equation (jl]). We shall require that the discrete equation (jlj) would 
be satisfied not only on all two-dimensional sublattices of the cubic lattice Z^, but 
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also on all unions of any two intersecting two-dimensional sublattices of the cubic 
lattice Z^, that is, the corresponding elementary 3x3 squares, on which the dis- 
crete equation (jl]) is considered, can be bent at right angle passing from one of two- 
dimensional sublattices to another, for example, {{i, 0, 0), (z, 1, 0), {i, 0, 1), z = 0, 1, 2}, 
{(0,j,0),(l,j,0),(0,j,l),j = 0,1,2} and {{0,0, k), {1,0, k), {0,1, k), k = 0,1,2}. In 
this case, initial data can be specified, for example, at the following vertices of the 
cubic lattice Z^: Wjoo, Uioi, U2jo, M2ji, ^^lofc, 1*20/=, 1*110 and ^112, i,j,k e Z. We shall 
also call the corresponding discrete equations consistent on cubic lattices. Then the 
following theorem holds. 

Theorem 1. For arbitrary initial data in general position the nonlinear dis- 
crete equation (jl]) can be satisfied in a consistent way on all unions of any two two- 
dimensional sublattices of the cubic lattice 1? , that is, the discrete nonlinear equation 
(jl]) is consistent on the cubic lattice 1? . 

A similar property of consistency on cubic lattices holds for determinants of arbi- 
trary orders A^. 

Theorem 2. For any given integer N , the discrete nonlinear equation defined by 
determinants of the matrices of values of the field u at vertices of the lattice I? that 
form elementary N x N squares is consistent on the cubic lattice 1? . 
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